Sum and Product of Quadratic Roots Worksheet and Solutions

Write down the sum and the product of the roots for each of the
Q1 following equations:

(a) x4+ 12x =3 =0, (b) x? =8 +5=0.
Solution
(a) 2’ +12x—=3=0
Herea=2,b=12andc= —3. Take careful note of the signs.
The sum of roots, & + B = —g = —12—2 = —6.
¢ =3
The product of roots, aff = — = —— = —15.
a 2

(b) x*-8x+5=0
Herea=1,b=-8andc¢=5.

—8 - Notice the double negative.
The sum of roots, a« + B= —— = _T = 8. na
i
[ 5
The product of roots, aff = P 5.
Q2 Find the sum and the product of the roots of each of the
following quadratic equations:
(a) 4x’+ 8 =35, (b) x(x—4)=6—2x.
Solution

Neither equation is in the form ax* + bx + ¢ = 0 and so the first
thing to do is to get them into this standard form.

(%) 4x2 ixz; +_8; i (S) = Now in the form
- e L = ax + bx+c=0.
In this casea =4, b= 8 and ¢ = —5.
b 8
The sum of roots, a + = ——= ——= =2,
a 4
¢ =5 5
The product of roots, af = —=——= ——,
P P a 4 4
(b) x(x—4)=6-2
Expand the brackets and take everything onto the LHS.
= xX*—4x+2x—-6=0
= XX—2x—6=0 == Now in the standard form.
Herea=1,b= -2 and c = —6.
! b -2
The sum of roots, a + B = —— = ——— =2,

d

5 ¢ -6
The product of roots, af = —= - ol
a




Q3 Write down equations with integer coefficients for which:
(a) sum of roots =4, product of roots = -7,
(b) sum of roots = —4, product of roots = 15,
(c) sum of roots = —2, product of roots = —3.
Solution

(a) A quadratic equation can be written as
x> = (sum of roots)x + (product of roots) =0
x2—(4)x+(=7)=0
= xX2=4-7=0
(b) Using
x* = (sum of roots)x + (product of roots) =0
gives x?—(—=4)x+(15)=0
=> X*+4x+15=0
(c¢) Using
x? = (sum of roots)x + (product of roots) = 0
gives x>—(=i)x+(-3)=0

= X2+x—-1=0 =
= 10x2+ 10(3)x — 10(3) =0
= 10x2 + 6x —5=0 =

Again great care must be taken
with the signs.

Some of the coefficients are
fractions not integers. You can
eliminate the fractions by
multiplying throughout by

10 or (2 X 5).

You now have integer coefficients.

Q4 Given that e« + =4 and «f = 7, find the values of:

I 1
@ L+ (b) op

Solution

(a) You need to write this expression in terms of & + B and a8
in order to use the values given in the question.

Now l+l=ﬁ+a=a+ﬁ

L

a [ 7

(b) B = (ap)’
= apF=7=49

Two relations which will prove very useful are

1!)’ o+ B =(a+ B) —2ap

[ @t B =(atp)’ - 3aBlatp)

These two results can be proved fairly easily:
(a+BY=(a+B)lat+B) = (a+ By =ac +2aB+ B
= o+ B = (a+ B)-2apB
as required

and
(a+ B)’ = (a+ B)(a+ B)a+ p)
= (a+p)=(atp)(a+2ap+p)
= (a+p)=a +20+af’ + P+ 2ap + P
= (a+ ) =a +3B+3ap + B’
= (a+p)=a’+p +3af(a+t p) =
= o+ = (a+ B) - 3aBla+ B) as required

Notice how the expressions on
the RHS contain combinations of
just a + 3 and apf.

Take 3ap as a factor.




Q5 Given that « + B =5 and aff = -2, find the values of:
a B 1 1
(a) E"f‘;, (b) CI!‘S+,B!', (c) E—}-E
Solution
(a) g+§=a-’+Bl=(a+B)-’—2aB Now it is in terms of « + 8 and
B «a af aB ap.

Substitute the known values of a + B8 and af
a B_5-2(-2)_25+4_ 29

+
B a -2 -2 2

(b) &+ pB’'=(a+B) —3ap(a+pB)
= a3+ =5"—3(-2)(5)=125+30=155

() S+n=Ero_(etP —2aP
a B ap (aB)”
1 1 52-=2(=2) 25+4 29
= — e — — = —
o« p (—2)? 4 4

Q6 | Given that @ + B =5 and af =3, find the value of (a — B)2.

Solution
(a—=B)Y=a*—2aB+ B> = + B> — 2ap
=(a+ B) —2aB —2af = (a+ B) — 4aB

= (a—B)P=5—4(5)=25-7=22

Worked example 1.7

Write the expression i} + E} in terms of a + B and ap.
2 o2

Solution

a +£=a‘+ﬁ‘= (a+ B) = 3aB(a+ B)

B ot o (ap)?




Section 2

1 Find the sums and products of the roots of the following
equations:

(a) > —6x+4=0, (b) 2x*+x—-5=0.

2 Write down the equations, with integer coefficients, where:

(a) sum of roots = —4, product of roots = 7,

(b) sum of roots =3, product of roots = —3.

3 The roots of the equation x* + Sx — 6 = 0 are a and B.
Find the values of:

o
(a) o + B (b) B,
a p
4 Given that the roots of 3x* = 9x + 1 = 0 are a and S, find
| |
a quadratic equation whose roots are —— and ——.
ap’ ap

Solutions

1 (a) sum = 6, product = 4;

5
(b) sum = Y product = —3
2 (@) X +4x+7=0; (b) 4x2—5x—2=0.
3 (a) 37; (b) —3—;.

4 x?—27x+27=0.



